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XI. BAKERIAN LEcrure.—The Effects of Temperature and Pressure on the
Thermal Conductivities of Solids.— Part I1* The Effects of Low
Temperatures on the Thermal and Electrical Conductivities of Certain
Approzimately Pure Metals and Alloys.

By Cuarces H. Legs, D.Sec., F.R.S., Professor of Physics in the East London
College, University of London.

Received November 8,—Read in Abstract December 12, 1907,—Received in Revised
Form, with Additions, March 24, and Read as Bakerian Lecture, March 26, 1908.

[PraTes 30-31.]

Durine the last fifty years a considerable amount of attention has been bestowed on
the question of the variations of the thermal and electrical conductivities of metals with
the temperature, but the results obtained by different observers, especially of thermal
conductivities, differed so widely from each other that the answer to the thermal
part of the question long remained doubtful.t In recent years, however, there has
been an accumulation of evidence in favour of a slight decrease of thermal con-
ductivity with increase of temperature from 0° C. to 100° C. in the case of most of
the metals. The experiments of LorENz,] and more especially the careful work of
JAGER and DI1ESSELHORST,§ have contributed greatly to this result. In both these cases
the experiments were limited to the range of temperature between 0° C. and 100° C.,
and it seemed advisable, in view of the importance of both questions in the electronic
theories of conduction of heat and electricity in metals, to extend the range over
which the theories could be tested, particularly in the direction of low temperatures,
where the experiments of DEwAR and FreminGg|| had already furnished information as
to the electrical conductivities. The present paper contains an account of the
measurements of the thermal and electrical conductivities carried out for this purpose,

* Part I, “The Effect of Temperature on the Thermal Conductivities of some Electrical Insulators,”
appeared in the ¢ Philosophical Transactions,” A, vol. 204, pp. 433-466 (1905).

T A good account of the subject will be found in GGRAETZ'S article in the new edition (1906) of
WINKELMANN’S ¢ Handbuch der Physik,” Band III.

{ L. LoreNz, ¢ Ann. der Physik,’ 13, p. 422 (1881).

§ W. JicEr and H. DiesSELHORST, ¢ Abh. d. Phys.-Techn. Reichsanstalt,’ 3, p. 269 (1900).

[ J. DEWAR and J. A. FLEMING, ‘Phil. Mag.,” 36, p. 271 (1893).
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382 PROFESSOR C. H, LEES: THERMAL AND ELECTRICAL!

and the results obtained. The first section deals with measurements of the thermal,
the second with measurements of the electrical, conductivities of certain metals and
alloys, and the third section compares the results with the electronic theories.

SuecrioN I.—THE THERMAL CONDUCTIVITY MEASUREMENTS.
Outline of Method Used,

When the thermal conductivity of a substance which conducts heat readily has to
be determined, it is advisable to give the material the form of a wire or thin rod and
to allow the heat to flow along the axis. By this arrangement it is easy to insure
that the difference of temperature to be measured is not too small, and it has been a
favourite one with observers. Sometimes the rod has been exposed to the air of the
room, as in the original experiments of Bror,* sometimes enclosed in a vessel as in
those of WiEDEMANN and FrANz.f As the present experiments were to be carried
out at temperatures down to that of liquid air, the former method could not be used
without entailing an excessive loss of heat from the sides of the rods. The method of
enclosure was therefore adopted.

The scale of the apparatus was mainly determined by the necessity of lowering its
temperature to that of liquid air and maintaining it at that temperature. This leads
to a reduction in the size of the rods, and must be compensated by an increase in
the accuracy of the heat and temperature measurements. This was secured by
communicating the heat to one end of the rod and measuring it electrically, and by
determining the difference of temperature at two points of the rod by means of two
platinum thermometers. '

The Apparatus.

The metal rods used, R, fig. 1, were circular cylinders 7 to 8 centims. long,
‘585 centim. in diameter, and were accurately turned out of larger rods. In use
they were placed vertically, the lower end fitting into a copper disc, D, of 269 centims.
diameter, 1'2 centims. thick in the centre, 1 centim. thick at the circumference, which
in its turn fitted accurately into the lower end of a copper cylinder, T, of 2:69 centims.
internal, 3°32 centims. external, diameter, 95 centims. long, closed at the top.

On the rod three thin brass sleeves,f A, B, and C, 0'66 centim. long, were placed,
the fit being of such a nature that the sleeves could be slid along the rod with the
fingers without the application of more than a small force.§

* J. B. Bior, ¢ Traité de physique’ (1816).

t . WizpEMANN and R. FrRANZ, ¢ Ann, der Phys.,” 89, p. 497 (1853).

1 T had not succeeded at this date in making thin mica rings which would stand the wear of use with
the whole of the rods, see p. 428,

§ For the accurate turning and fitting of the rods and sleeves I am indebted to Mr. E. T. Cook, the
Mechanician of the University of Manchester. '
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CONDUCTIVITIES OF METALS AND ALLOYS AT LOW TEMPERATURES. 383

The outer surface of each ring was covered with shellac varnish, thinly dusted with
fine marble powder, and the ring then allowed to dry. On the-top of this insulating
layer, in the case of the sleeve C, a No. 40 single silk-covered platinoid wire,
30°6 centims. long, was wound, so that the winding occupied the middle portion of
the sleeve, leaving a margin of 0'13 centim. at each end. On the insulating layer of
each of the two sleeves A and B an equal length of single silk-covered No. 40 pure
platinum wire* was similarly wound. The ends of the fine platinoid wire were
soldered to the ends of two 55-centim. lengths, L, of
No. 22% double silk-covered and shellac-varnished copper
wire, and the ends of the fine platinum wire to two
48-centim, lengths, M or N, of the same copper wire. To “ {
obviate stress on the fine wires, the copper wires of each , |
sleeve were placed in parallel grooves in the edge of a thin i
disc of wood, W, attached to the sleeve by a few turns of
silk thread, s, wound round the sleeve, wood and wires. In %
each case a total length of 1'5 centims. of the thin wire 7
used was required to make connections to the ends of the
copper leads, the remaining length, 291 centims., being
actually wound on the sleeve, P T

The three sets of copper leads passed out of the copper
enclosure through three holes in the thin part of the copper
disc, which formed the bottom of the enclosure. At the
holes extra insulation was provided for the wires, and they
could be fixed in position with respect to the disc by three
small wedges of wood placed in the holes of the dise.

The copper enclosure was supported on a wire frame, F,
by means of which it could be placed in a straight Dewar
tube, V, of 42 centims. internal diameter, 25 centims.
internal depth, so that the bottom of the enclosure was
2 centims. above the bottom of the tube.

The copper leads were brought up to the mercury switch
arrangements described on p. 384, by means of which the
difference of the resistances of the two platinum coils and
the actual resistance of one of them could be found. The current supplied to the
heating coil, and the EMF at its terminals, were measured as described on p. 384

Around the outside of the copper tube an insulated platinoid wire, p, having the
same resistance as that of the fine platinoid wire of. the heating coil, C, was wound,
and whenever the current was switched off the heating coil on the rod, it was switched
on to that of the tube, so that the amount of heat supplied to the apparatus should
be the same throughout an experiment. In addition, a further coil, P, was wound on

* Obtained specially from Messrs. JoHNSON, MATTHEY & CO.
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384 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

the outside of the tube to allow the temperature of the tube, if necessary, to be
rapidly raised.

The Resustance Bridge.

The mercury switch to which the leads from the platinum resistance coils were
brought, was so arranged that when the difference of resistance of the coils was to be
found, they formed two of the arms of a resistance bridge, the other two arms of
which consisted of two coils, of about 2 ohms each, of manganin wire wound together
and adjusted to equality to within 1 part in 10,000. A dial resistance with mercury
contacts, allowing a variation of resistance from 0 to 0°10 ohm in steps of 0°01 ohm,
could be placed in series with either of the platinum resistance coils in the bridge, and
provided the adjustment necessaxy for balancing the bridge approximately. The
resistance required to give an accurate balance was calculated from the deflections of
the galvanometer for the two values of the dial resistance nearest to the balance
value. As the leads to the two platinum coils were made as nearly as possible equal
to each other, the resistance so found is the difference between the resistances of the
two coils. Similarly, when the resistance of one of the coils was to be determined,
that coil was, by means of the mercury switch, made one arm of a resistance bridge of
which the two equal manganin coils formed two other arms, and the fourth consisted
of a resistance box giving 10 ohms in steps of 01 ohm, and the 0°01-ohm dial in series.
The leads again being as nearly as possible equal, the resistance of the fourth arm,
when the bridge was balanced, was equal to the resistance of the platinum coil,

The current used in balancing the bridge was derived from a Leclanché cell
connected to the bridge through a resistance of 53 ohms. The connections of the cell
could be reversed if necessary.

The galvanometer was of the moving-coil type, and had a resistance of 22 ohms.
It could be used either with or without a shunt of 10 to 50 ohms, as occasion
required.

The bridge key was a thermo-electric one which, in its normal position, disconnects
the cell from the bridge, but leaves the galvanometer connected, and, when depressed,
disconnects the galvanometer for an instant, connects the cell, then re-connects the
galvanometer. By this means thermo-electric effects in the bridge have no influence

on the observations.
Method of Experimenting.

In setting up the apparatus for an experiment, the rod, sleeves, and edges of the
copper disc forming the base of the tube were smeared with olive oil, and the joints
between rod and base of tube, between rod and sleeves, and between the base of the
tube and the tube itself, made in such a way that the oil excluded all air. Good
thermal contacts were thus secured. None of these contacts come in the direct line
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CONDUCTIVITIES OF METALS AND ALLOYS AT LOW TEMPERATURES. 885

of flow of heat within the region of measurement, but they influence certain small
corrections, to be considered presently. Before the rod was placed finally in the tube
the leading wires from the coils were wedged in the holes at the base, and the
distances apart of the three sleeves measured to 0-01 centim. The apparatus when
fitted together was lowered into the Dewar tube, the connections made, and after
a few minutes, during which the temperature throughout became uniform, the
differences, if any, between the resistances of the platinum wires were measured.

An electric current was then sent round the heating coil on the rod, and was
adjusted so that a suitable difference of resistance between the upper and lower
platinum coils was obtained. The heating current was then switched from rod to
tube, and after 5 to 10 minutes the difference of resistance of the platinum coils, and
the actual resistance of the lower coil; were found. '

If a second observation, taken 3 to 5 minutes later, gave a different value for the
difference of resistance, a further interval of 8 to 5 minutes was allowed and the
difference again tested, and this was repeated till the difference of resistance became
constant. The current supplied to the heating coil and the E.M.F. at its terminals
were then read, and the current switched from tube to rod.

After 5 to 10 minutes the difference of resistance of the platinum coils was again
found, and observations taken till it remained constant. The resistance of the lower
coil was then measured, and the current in the heating coil and the E.M.F. at its
terminals read; then the current was again switched from rod to tube and the
measurements repeated.

The mean of the two differences of resistance found when the heating current
flowed round the tube, subtracted from the difference found when the heating current
flowed round the rod, gives, so long as the rate of rise of temperature of the apparatus
is regular, the difference of resistance which would be produced if the heating current
were supplied to the rod and the temperature of the tube were kept constant (see
p- 397).

‘The Dewar tube was then filled with liquid air and, when the apparatus had
cooled down to the temperature of liquid air, the remaining liquid was poured out by
tilting the tube.

Observations of difference of resistance between the platinum coils, with the
heating current round the tube, were then made as before till the difference became
steady, the resistance of one coil was determined, and the heating current and
voltage measured. The current was then switehed from tube to rod, and the
observations repeated. In this way observations with the heating current alternately
round rod and tube were made throughout the gradual rise of temperature of the
apparatus from that of liquid air to some temperature above that of the air of the
room, the rate of rise of temperature being, if necessary, increased by a constant
electric current sent through the supplementary heating coil wound on the copper
tube.

VOL. CCVIIL—A. 3 D
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386 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

Theory of the Apporatus.

If a thin rod of uniform cross section is entirely surrounded by a vessel kept at
constant temperature, and has heat supplied to it near one end, while the other is in
good thermal contact with the wall of the vessel, the distribution of temperature
within the rod, from its point of contact with the vessel to that at which the heat is
supplied, will be represented by the equation

1/2 12
v = -(—p—}%z)_l/—zsinh <Z;_Z> .zc/ cosh <7;—}/z> P €
where v is the excess of temperature of the rod at the cross section situated x centims.
from the end of the rod in contact with the vessel, over that of the vessel, p is the
perimeter, and ¢ the area of cross section of the rod, % the heat lost per second from
1 sq. centim. of the surface of the rod when its temperature exceeds that of the
enclosing vessel by 1° C., k£ is- the thermal conductivity of the rod, and Q is the
amount, of heat which crosses the section of the rod at any point x per second.

In calculating Q from the energy supplied and the heat lost from the surface of the
bar beyond ¢, we may, if the point . is near the free end of the rod, and the heat is
supplied to the rod at a uniform rate between xy and the free end, take the mean
temperature of the surface of the bar between x, and the end to be identical with the
temperature vy which would be observed at g, a point which divides the distance
between x and the end, in the ratio 1 : 2 if the above equation for v held throughout
the heated portion of the rod.* If s is the area of the surface of the bar beyond xq,
and H is the total heat supplied to the bar,

H Q = H—Sh’vcf. o . . . . . . . . . (2)
ence
/ / ‘
v = H sinh <2—;—h];>1/2a: / I:( phqk)*2 cosh <]—;%>l 2acc+hs sinh <%%>l 29(;0/] e (8)

If the temperature excesses v, and vy at two sections x, and @y are observed, then

\ 1 B\ 1/2 1/2
H _ (phqk)” cosh <1—;%>1/2w0+h3 sinh <%;§)1 2%, / [sinb <1;Z) #p— sinh <%}z> OC‘A]-

'UB—'UA /

Hence

H . pj 1/2 ph>1/2 _ . <M>1/2 /<£.—\ 1/2 ]
vB—vA[wB Smh<qk> mB/<—q-z g x, sinh o T, _gk) Ty

_' M 12 . (M)l/z / ]0_]&)1/2
= ¢k cosh <gk> g+ hsxe sinh ok Tor < o Zo

and

N\ 1/2
Ic:[ H (mBSB—-xASA)—hswCISC,]/q cosh @%) g, o . . (4)

Vp— Vs

* This ratio is exact if the loss of heat from one square centimetre of the surface of the bar may be
neglected in comparison with the heat generated per square centimetre.
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CONDUCTIVITIES OF METALS AND ALLOYS AT LOW TEMPERATURES. 387

where S,, &c., are written for the functions sinh ( ph/qk)” as[( phfek)”? xs, &e., whose
values for small values of the denominators do not differ much from 1.

From this equation & may be calculated if an approximate value of it is known and
is substituted in the hyperbolic functions which involve it. In the experiments to be
described these functions have values not differing greatly from unity. A sufficiently
close approximation to the value of k for this substitution may, in fact, be found by

putting . " ph>1/2 _ /ph>l/2 B
sinh (ph/qk) m/<§7£ x = cosh g x=1.

The effect of temperature on the dimensions of the rods is neglected, as it does
not appear likely to influence the value of the oonductivity found by so much as
1 part in 300.

In the actual apparatus the heat was supplied to the rod by the passage of the
electric current through a platinoid wire wound on an independent sleeve placed on
the bar, and the temperatures were measured by the resistances of platinum wires
wound on similar sleeves.® It is therefore necessary to determine the effect of the
sleeves on the result previously given.

Effect of the Sleeves.

Let v be the excess of temperature of the rod and v" that of the sleeve at points in
a plane perpendicular to the axis of the rod, distant = from the central transverse
section of the sleeve, the isothermal -surfaces being assumed, as in the previous
calculation, to be planes perpendicular to the axis.T ‘

* See note, p. 382.

t' The distribution of temperature » throughout a rod of length 27, radius R, and conductivity %, which
receives heat at a uniform rate % per square centimetre per second through a strip of breadth b of its
curved surface at one end, and loses it at a eorresponding strip at the other end and at no other point, is
given by the equation

8hl — R
V= T ( 1ym Gmy iy 1)2 sin (2m + 1) 3] sm (2m+ 1) 35 Io <2m+1 21)/11 <2m+ 1 2l>
where z is the distance of a point from the central transverse sectlon of the rod, r its distance from the
axis, and Iy and I; Bessel functions for unreal arguments.
The mean temperature 7 over a strip of the surface of the rod of breadth b, whose centre is a from the
central transverse section, is given by

= 16HPE 1 7R
V= pp (- Dm @n +1)3sm(2m+1) 2 sm(2m+1) 4lsm(2m+l) 9] Io<2m+1 3] >/11 <2m+1 2l>

where H = 527bR is the total flow of heat.
If the heat were generated at a uniform rate throughout the material of the rod within the distance b
of the end, the flow of heat would be linear and the temperature at ¢ would be given by
16H? 1
= (-1 -
km*bR? (-1 @m+1)
A comparison of the numerical values of the first fow terms of the two series, in the case of the shortest
rod used, shows that even in that case the error committed in assuming the isothermal surfaces in the rod
to be plane is not so large as 1 in 500, -

. wh . T
sin (2m + 1) 57 8n @m+1) 57

3D 2
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388 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

Let g, ¢/ be the areas of cross section of rod and sleeve respectively, p, p’ their
outer perimeters, and &, £" the conductivities of their materials.

The thickness ¢” and conduo'tlwty k" of the thin layer of olive oil between rod
and sleeve are small enough compared to those of the rod and sleeve to allow the
heat conducted through the layer parallel to the axis of the rod to be neglected.
The heat conducted across a length dx of the layer from rod to sleeve in 1 second is
equal to pk” (v—2") duft”.

We have then the following equations for the steady distribution of temperature
in rod and sleeve :—

In rod
d2 kl!
qk_d_; 1‘;,, (w=)=0.. . . . . . . . . (5
In sleeve
w EL PR oyt = 0 (6)
QR g + pr =0 . . . . . . .

The last term of the second of these equations is small and may be neglected.®
Taking the temperature at the central transverse section to be zero, we have as the
solutions of equations (5) and (6)

A gik_’lsinhaw>
(qk+g/c)v—H0<9c+ Facoshad)® (7)

7./
(97c+ q’]ﬁ’) Z), = Ho<(15 k 1 Slnh 0593) (8)

gk a cosh ab

where H, is the flow of heat through the central transverse section of rod and sleeve,

and
s _ K[ 1
- t” (Qk_'-Q,/f,)
If & = the length of free rod equivalent in thermal resistance to the length b of
rod enclosed by sleeve, we have

' qk g’_/c_’tanhab}
b b—“gk+g'k'{1+qk N )

To determine whether any further simplification is possible, we note that in the
apparatus used the constants have the following values :—

b = 033 centim., ¢ = 0268 sq. centim., gk = 0011 to 027 according to the rod
used, ¢’ = 0'088 sq. centim., £ = 017 to 027 according to the temperature,
g’k = 0015 to 0024, &k’ = 0:0004, ¢ = 00012 centim., and p = 1'84 centims.

Hence ab lies between 32 and 17.

* The error introduced by neglecting % in estimating ¥, the length of free rod equivalent in thermal

resistance to the length b of rod enclosed by sleeve, is about 1 per cent. in the worst case, d.c., that of the
shortest rod and lowest conductor. The error prod_uced in the determination of % is about -1 per cent.
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CONDUCTIVITIES -OF METALS AND ALLOYS AT LOW TEMPERATURES. 389

Thus tanh «b will vary between the limits 0°997 and 0°986, having the former
value in the case of the worst conducting rods at low temperatures, and the latter in
the case of good conducting rods at high temperatures. The error in the estimate of
Y, if we write tanh «b = 1, will even in the latter case only amount to 3 per cent.,
and the error in £ due to it will not exceed 004 per cent.

We have, then, the simplified equation

, g/c (_],]C’ l
e qk+g’k’b+ qk+q'k o’

o TR (1 1T
b_qk+q’k’b+ qk+q'k' L " gk+'q’lc/,

or

L (P
qk+g’]c’b+ <g/c+q’/c’ pk”qk R )

The first term on the right is obviously the correction due to the increase of cross
section at the sleeve, and the second that due to the ends of the sleeve, at which the
flow does not immediately take advantage of the increase of section.

We have seen that in the above equation £ varies from ‘04 to 1'0 according to the
rod under test, while " varies from 0°17 at 100° to 027 at 300° absolute. Hence gk
varies from 0°011 to 0'27 according to the rod, and ¢/# from 0°015 at 100° to 0°024 at
300° absolute.

The variation of %" with temperature has, however, only a very small effect on the
value of ¥/, as will be seen from the following table of values for &/ = 0-17 and 0-27.

VALUES of b’ in centimetres.

k. For k' =117. | For k' =27. | For mean /. k. For I'=17. | For ' =27. | For mean %'
-03 <176 -161 +168 <17 +9282 <979 7T
<05 <213 +195 +204 +22 *291 +283 - 287
07 +23b *219 <297 <27 <297 <290 <294
09 <250 +235 +242 *50 +312 +308 +310
11 +261 249 955 1-00 +321 -318 320
‘14 274 262 268 -

If for simplicity of calculation we take the mean value of ¥’ as holding throughout
the whole range of temperature for any single bar, we make an error in the calculation
of & which will not exceed 0°4 per cent. even in the case of the worst conductor tested,
Lipowrrz’s alloy, and will be insignificant for most of the other materials.

Thus we have the following values for w,, 5 and @ of the formula (4) for & :—
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390 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL
Ty = a+b, where a, = distance from enclosure to near
edge of first sleeve.
xp = 2x+20+a, =  a;+a,+3b, where a, = distance between the near edges

of first and second sleeves.
Xg= @p+U+a; = a+a,+az+4b, where a; = distance between the near edges

of second and third sleeves.
Ty = T+ = aytaytaz+470.

o, and a; were in every case made 0°10 centim.

Estimation of the Small Difference of Temperature between the Rod and the
Platinum Resistance Couls.

In addition to a slight difference between the temperature v, of the rod and
that of the sleeve, v/, at the central transverse section of the sleeve, there is
a further slight difference between the latter and that of the wire of the platinum
resistance v”,, which may both be calculated with sufficient accuracy for the present
purpose by taking

’ ’ 1
7 Vo—Uy 3 Vo=V
pk t” —]O]G t///

:__p//hv//(),

where p = 1'84 centims. is the perimeter, ¢ = 00012 centim. the thickness, £’ = 00004
the conductivity, of the layer of oil between the rod and sleeve, p’ = 2:14 centims.
the perimeter, t” = 0'014 centim. the mean thickness,* £” = 0°0006 the conductivity,
of the layer of silk and shellac between sleeve and wire, and p” = 2:28 centims. the
perimeter of the outer surface of the wire.

From the above we obtain
vy = (L+29h) ",

Within the range of temperature covered by the experiments A varies from 0:00016
at 110° absolute to 0:00027 at 300° absolute. Taking the mean value 0:00022 as
sufficient for the present purpose, we find

Vy = 1'0067)”0. B B B . B B . . . . (].]_)

In the work which follows, the mean temperature of the platinum coil wound on
the sleeve so as to cover 04 centim. of its length is taken as identical with the
temperature at the centre of its length, the difference between the two being too
small to influence the results appreciably.

* Obtained from the minimum thickness, 0-012 centim., by the addition of a correction suggested by
MaxwerL’s ¢ Electricity and Magnetism,” I., p. 280. The thermal conductivities are only known roughly,
so that the final value of the correcting term is not likely to be very accurate, Its influence on the values
of the conductivities is, however, very small,
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CONDUCTIVITIES OF METALS AND ALLOYS AT LOW TEMPERATURES. 391

Corrections due to the Leads to the Platinum Resistance Coils.

It has been stated (p. 383) that only 29°1 centims. of the total length, 306 centims.,
of platinum wire were actually wound on the sleeve ; the remainder, 1'5 centims.,
served to make connection to the No. 22} double silk-covered copper wires leading
to the resistance bridge. |

Owing to its comparatively large cross section the whole of the copper wire may be
assumed to have the temperature of the enclosure, but the temperature in each
0°8 centim. of platinum wire will vary from that of the enclosure to that of the coil
of which it is the continuation. This will make the mean temperature of the wire as
determined by its resistance slightly less than the temperature of that part of it on
the sleeve, and will also lead to the conduction of a small amount of heat from the
rod to the leads. We have therefore to determine the magnitude of these effects.

If we measure x along the platinum wire from its junction with the copper wire, we
have for the temperature excess v at @ the equation

_y sinh ax

v —
® sinh al’

. 1/2
where ", is, as before, the temperature of the wire on the sleeve, and « = <£l]f> ,
gk

where p is the perimeter, g the cross section, of the wire, £ the conductivity of its
material, and  the external conductivity.
The mean value & of v is given by

]

=17 coshal—1 _ sinh gal _ v" sinh jal ’cosh Lal.
2 al 2

alsinh al ~  “al cosh ol - 1

For the platinum wire used, p measured over the silk = 0046 centim., A = 000022

. ; 12
(mean), ¢ =0°00012 sq. centim., k= 0166 ; therefore o = <%> =071, and
[ = 0'8 centim. Hence
4 .
1,7 — Q- 5— Vo 1'013 — 0 7
lal =028 and @ 5 1039 0°487v",

The resistance of the wire will therefore be the same as if, at each end of it, the
length on the sleeve were increased by I’ = 04870 = 0'865 centim. and the projecting
ends removed. The effective length of the wire as used is, therefore, not the total
length, 80'6 centims., but a shorter length, 29-83 centims. Hence

temperature excess of wire on sleeve = 80°6/29-83 = 1'026 times mean
temperature excess of whole wire.

Hence, in the original equation for £ ((4), p. 386), we must take

d (va, vs) = (L+29h) (¢4, v"5)
an
(vnA, 'U”B) = 1'026 (’17A; '5B)7
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392 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

where ¥, and 7 are the mean temperatures over the whole of each platinum wire.
Hence we have as the connection between the temperature of the rod and the
observed temperature of the platinum wires,

(vy, vg) = (1°026 +29%) (5, ¥p) mean value. . . . . . (12)

The amount of heat conducted from the sleeve® along the wire at its point of
contact with the sleeve is equal to the value of ¢k (dv/dx) at « = 1, which is

h al k", sinh o/ kv, 1161
L L LN, / = &
Pt s = 1 % l 1058
= 200 C0 1124/, = 0:0000280",

For the two platinum wires of the upper sleeve this amounts to 0:000056v,”, which
must be deducted from the heat supplied to give the heat which flows down the rod
to the platinum thermometers.

Correctrons for Leads wn Power Circui.

As in the case of the platinum resistance coils, so in that of the heating coil, the
No. 40 platinoid wire constituting it was not wholly wound on the sleeve, but at each
end 08 centim. projected and served to make contact with the No. 224 copper wires
supplying current to the coil. Part, therefore, of the difference of potential measured
was expended on the leads and on that part of the platinoid wire not on the sleeve.
On the other hand, the passage of the current through the latter portion of the wire
raised its temperature above that of the wire on the sleeve, and some of the heat
generated in it would in consequence reach the sleeve by conduction along the wire.
We require to determine this amount.

If W watts are spent in the platinoid wire, and L is the total length of the wire,

10T, gram-degrees of heat are generated per second in each centimetre of the

wire. The equation for the distribution of temperature excess v along the wire in
the steady state will therefore be
d?v W

qlc-c—i—— + m -—plw = O, . . . . . . . . (13)

where q, k, p, h have the usual meanings.
The solution of this equation may be put in the form

W . . })_h/>l/2
<4'19Lph ”> sinh (\qk l

— w W _ ”> . <]0_h 12
_<4'19Lph VL>Smh< > (=) <4-19Lph Vo) sinb .qlc> v - (14)

* The amount conducted from the sleeve through the wooden support of the leads was too small to be
taken into account.


http://rsta.royalsocietypublishing.org/

A A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A \
I

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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where Vy, is the temperature at the junction of the platinoid wire with the copper
lead, v"¢, that of the wire on the sleeve,  is measured from the copper lead, and 7 is
the length of the platinoid wire between the copper lead and the sleeve. '

If we neglect the heat generated by the current in the copper lead, and suppose the
length of the lead to be sufficient for its temperature excess to fall to zero before the
wire emerges from the containing tube, its temperature excess »; at a point —z from
the junction with the platinoid is given by the equation

=V, exp. @ ;Z) x,

where p,, b, qu, k, refer to the copper wire and have the usual meanings.
Since the flow of heat at the copper-platinoid junction is continuous, we must have,
at x =0,

dv _ dv,

qkd qlkld ,

.e.,

. 1/2 1/2
{ (phqk)”z/ sinh @%) l}{<z“f§%§ﬁ VL> cosh <1q9]%‘> L(H%TL-MC,»: (pihgb) Vs,

Hence

- et 5o ) )3
V.= {4‘191110}& I:cosh <qk> I— IJ +v"q cosh/ pak sinh o l

The flow of heat out of the exposed platinoid wire into the sleeve is given by the
value of

dv
—glcz— at x =1,

t.e., by

y oh W, > <£é>1/2
{(phgk) 2/s1nh/ > Z}{ <4 Tolph VL>+(M4‘19Lph v"¢ ) cosh o l}
{(phgk)l/z/s1nh< > }
_ W _ W ( ph>1/2 _ ) ” /{ 12_@\ 12 <]01§Z1k> . (pk 1/2 }]
{ [4‘19Lph {4.19ka\cosh( I-1)+w C,} COSh<gk) I+ Pk sinh ﬁ) l

W _ ﬂlf 1/2
+ <_————-4'19Lph v 0,> cosh <qk> l},

The total flow into the sleeve from the two wires will therefore be

— ve [ ‘ph\'? }
2{(1071,(1/6) / sinh <~—qk> l

W [(pphi\" p—h>y2 " / <p—h>m (mlkl> <ph>]/2}
{ {4 19Lph|_<]9qlc) Smh<9k l+1]+v}0,} {COSh qk b+ gk sinh qk !

Wy ) 12’3)1’”}
+(4.19ka g cosh p Ly . (15)

VOL. CCVIIL.—A, 3 E
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394 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

For the platinoid wire the values of the constants are ¢ = 000012 sq. centim.,
k = 0'050 (mean), p = 0°046 centim. over silk, & = 000022 (mean).
Hence
1/2 1/2
(M) — (167)% = 129, <p—h> I =103, (pgk)"* = 5-2x 107, and (phgh)"* = 78 x 10"

qk qk
419Lph = 1'81x 1072,

For the copper wire, ¢, = 0°0033 sq. centim., & = 1'00 (mean), p, = 0'27 centim.
over silk.

Hence
(plqlkl)llz = (9 X 10—4)1/2 = 0.030-

The flow of heat into the sleeve from the two wires per second will therefore be
= 0:0060W —0°000020v".
Thus of W watts spent in the wire, only

290
Y - . —0- 2 ”1
<30_6+0 0060>W 0°000020%",
ne., »

0°954W —0-000020v" ¢,

reach the sleeve, where v is the excess of the mean temperature of the sleeve over
that of the surrounding tube.

The watts were measured at the ends of the copper leads, for the resistance of which
a further correction must be made, a correction which will depend on the temperature
of the leads and therefore of the tube. Each lead of copper wire, 0°065 centim.
diameter, was 55 centims, long, and of this length 33 centims. was in the Dewar tube,
22 centims. in air. The resistance per metre at the temperature of the air, 15° to
18° C., may be taken as 0°051 ohm, and the total resistance of the leads as 0:056 ohm
at the temperature of the air. When the platinum temperature of the Dewar tube
is 7, we may, with sufficient accuracy, take the resistance of the leads to be

2 3 7
0056 (5 + 5556) ohm
= 0°022+0°0001167.

If, therefore, A amperes flow through the coil, and give a difference of potential of
P volts at the terminals, the watts W spent in the platinoid wire

= A {P—(0:022+0°0001167) A}.
Hence the watts expended on the sleeve
= 0:954A {P—(0'022+00001167) A} —0000020";,, . . . (16)

where 9"y 1s the excess of the mean temperature of the sleeve over that, 7, of the tube.
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It has been stated that the power supplied was measured by an ammeter in circuit
and by applying a voltmeter to the ends of the heating coil for the few seconds
necessary to take a reading. Owing to the resistance of the voltameter, R, = 113 ohms
at 14° C., not being very great compared to that of the heating coil, R, = 6'4 ohms at
18° C., the measured value P, of the volts at the ends of the heating coil is less than
the value P when the voltameter is not in circuit, and the readings obtained must,
if 7 is the resistance external to the coil, and the electromotive force in circuit is

constant, be multiplied by
R+ R, 7+ RRy/(Ry+R,)

R, r+R,
to give the true volts on the coil, .e.,
T L.
the volts P on the coil = P, < 1+ R, 1 i) 7))

Since the current was derived throughout from three storage cells kept‘ well
charged, it will be sufficient in the factor involving » to write »+R, = 6/A, and we
have

- 64\ [, (64F ,\_ .. 005"
volts P on coil = P, <1+ 113) <1 119‘4x6A> = 1'057P, (1—0°057A).

Hence the watts spent on the sleeve
= 0°954A {1°057 (1—0°057A) P,—(0-022 +0-0001167) A} —0-000020v",
= 1:008A {(1—0-057A) P,—(0:021 +0:000117) A} —0-000020¢.

Hence H, the total quantity of heat imparted to the bar per second, is given by
the equation® ‘

4'19H = 1:008A {(1—0057A) P,—(0:021+0000117) A} —0-0000200",—0-000056v";.
Or, since (v"g, v"¢) = (vs, o) very nearly,
4'19H = 1°008A {(1—0-057A) P,—(0:021+0:000117) A} —0-000020v¢— 0000056
Hence
H = 0'2406A {(1—0'057A) PO—(O'021+0’0001 1T)A} —0'0000048v5—0000013vy. (17)

In the small term 0°000013v it will be sufficient if we write vy = v 2g/2g.
Thus, for the original equation Q = H—shv, p. 386, we must substitute

Q = 0:2406A {(1—0057A) P,—(0°021+0°000117) A}

\
—(sh+ 0°0000048+0°000013 %ﬁ) Ve
!

* For simplicity, the loss of heat along the wires of the upper temperature measuring sleeve, p. 392, is
treated as if it took place from the heating sleeve.

3 E 2
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396 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL
Hence in the equation (4) for £ (p. 386) we must write for H
0-2406A {(1—0°057A) P,—(0:021+0-000117)},
and for sh
sh+00000048+ 0000013 22,

wcl

‘We thus obtain

/ . —0- {0 .
kg cosh %%)12% _ 02406A {(1-0 0571;)5)) (0°021+0°000117)} (@S— 351
B A

——<sk+ 0'0000048+O'000013%‘i>w0180,.
CI
Finally, substituting for the temperatures of the rod vz and v, in terms of @ and
0, the observed mean temperatures of the platinum resistances by means of
equation (12), p. 392, we have

PA\® _ 0:2406A {(1—-0'057A) P,—(0:02140°00011r)} o
kg cosh <qk> %o = (1026 + 29%) (05— 7y) (aSp—2,54)

—<sh+0‘0000048+ 0:000013 ﬁi) zeSo,

(0

that 1s,
12
kg cosh <1;-Z> Zg

9345 — —0057A) P,—(0°021+ 000011
_ (0-2345—284) A {(1 ngl;) 0 — (0021 + W (28—,
B A

—<sh+0'0000048 +o-oooo13§£> 260, (18)
C/

where s = 1'474+086+0'11 = 1'94 sq. centims.

Effect of the use of the Variable State of Temperature Distribution.

‘So far the theory has been worked out on the assumption that the temperature
distribution throughout the apparatus is steady. But it has been stated that the
measurements were made during the gradual rise of temperature from that of liquid
air. We have therefore to consider the effect of this on our fundamental equation (4).

Let v be the temperature of the bar at a cross section distant  from that where
the bar joins the enclosing tube, and let V be the temperature of the tube. Then v

satisfies the conditions
gep —3—; = qk —22—;’- —ph (v=V), ]
V=F(©t), v=Vatx=0, ‘}
qk -g% +ph (v=V) = Q at = = x, the free end of the bar, J
the heat Q being supposed imparted to the bar at its free end.
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Let v=wv,+v,, where v, is independent of ¢, and wv,+v, satisfy the following

conditions,
0=gqk %2 & —phw,, ]
vy=0atx=0
gk 9— +phv, = Q at x = «, j
gep %%_gk82 —ph (v,—V 1
V=F(@), n=Vatax=0,
q/b%% +ph (0,=V) =0 at = x, _J

then w,+wv, obviously satisfies the conditions laid down for v. The solution of the
equations for v, is

- S8 o (2 1 23]
vo—(phqlc)’/z sinh " x [ | cosh " To+ gk> sinh qk.> Zo|.

Hence v, = 0 when Q = 0.
Since v, is independent of Q, we have at any instant for all values of «

v, with Q finite — », with Q zero = v,.

Since, however, v, cannot be observed at the same instant with Q zero and Q finite,
temperatures are observed alternately with Q zero and @ finite, and the distribution
with Q finite compared with the distribution with Q zero calculated for the same
instant by interpolation between the observations with Q zero made immediately before
and after.

In all but three or four cases it was only necessary to take the mean of the
observations with @ zero taken before and after.

Since f(¢) is a continuous function the error committed by this method of observation
will be very small.

Standardisation of Platinum Thermometers.

As the observations of conductivity were made over the range of temperature
between about —180° C. and 30°C., the temperatures selected for standardising the
thermometers used were the boiling point of liquid oxygen, the freezing point and the
boiling point of water.

The two thermometers were slipped on to a short rod of brass 2 centims. in length -
and of the same diameter as the rods used throughout the work. The rod and
thermometers were then placed in a short brass tube about 3 centims. long, one end
of which was closed by a brass plate. Through a cork in the other end of it the
thermometer leads and a pair of compensating leads similar to those of the thermo-
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398 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

meters passed to a series of mercury cups, which allowed either of the thermometers
or the compensating leads to be connected to a resistance box.

The coils of this box were of platinum silver wire, and were multiples of the B.A.
ohm at 15%5 C. The fixed arms of the resistance bridge were the 10- and 1000-ohm
coils of the box respectively, and any error in the ratio of these two was eliminated by
substituting a 1- or 2-ohm standard resistance coil for the thermometers and finding
its apparent resistance. This enables the box readings to be converted to true ohms.

The following is a record of one of the tests.

Hartmann and Braun 2-ohm standard correct at 17°:3 C. Temperature coeflicient
0°0002. Temperature of room, 1575 C. Hence standard = 19993 ohm.

Standard +leads = 20477 apparent ohms of box.
Leads = 00266 , ohm
Standard 1-9993 ohms = 20211 ,, ohms

Other tests agreed to within one part in 5000.
The resistances recorded in what follows have all been reduced to standard ohms.
The current used in the bridge was derived from a pint Leclanché cell connected to
the bridge through a resistance of 53 ohms,
The test of the resistances of the measuring coils at
L | the low temperature was made with the arrangement
shown in fig. 2.

A is the short brass cylinder containing the measuring
coils, the leads L of which, and the compensating leads,
pass through a cork closing the top of the cylinder. B is

the bulb of the oxygen vapour-pressure thermometer®
EFG used to determine the temperature on the constant-
i volume hydrogen scale of the liquid air in the Dewar
vessel V.

C represents six short copper rods placed round A
Fig. 2. and B to keep the temperature of the liquid air uniform.

R D

E is a bulb containing crystals of potassium perman-
ganate which on heatmg furnish the oxygen. T is the sealed tube through which the
thermometer was exhausted before use. G is the mercury gauge to determine the
vapour pressure of the oxygen condensed in the bulb B.

The difference of level of the mercury in G was initially 76:73 centims., and the
height of the barometer 7677 centims.

Liquid air having been poured into the Dewar tube V till it was almost full, and
the opening of the tube plugged with cotton wool, the bulb E was heated so as to
generate the oxygen, which condensed in B. The vapour pressure indicated initially

* T adopted this method of standardisation on the suggestion of Dr. M. W. TrAVERs, F.R.S., and found
it most convenient.
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was 3132 centims., corresponding, according to TRAVERS' determinations, to 824 C.
absolute, and rose during the first 40 minutes to 3361 centims., corresponding to a
temperature of 82°9 C. During the next 16 minutes the following measurements

were taken :—
Elliott B.A. box, ratio arms 10 : 1000.

h. m.

11 52 manometer . . . . 43'16 centims.

11 54 compensating leads .  0°0964 ohm (apparent).
11 56 lowercoll . . . . 08285 o
11 58 upper ,, .. . . 08332 ’

12 0 manometer . . . . 4277 centims.

12 2 upper coill . . . . 08335 ohm (apparent).
12 4 lower ,, .« . . 08295 .

12 6 compensating leads . 00967 |, ’

12 8 manometer . . . . 4251 centims.

Barometer 7679 centims., temperature 15°5 C.

From these observations we deduce that, at a mean pressure of 33'99 centims. of
mercury at 15°5 C., or 3392 centims. of mercury at 0° C., at sea-level in latitude 45°,
under which oxygen boils at 82°9 C. absolute on the constant volume hydrogen
thermometer, the resistances of the coils were :—

Upper coil . . 0'8333—0'0966 = 0°7367 apparent ohm = 0'7286 true ohm.
Lower ,, . . 0'8290—0°0966 = 0'7324 ’ , = 07243

b

The determinations of resistance at the freezing point of water were made by
placing the brass tube containing the coils at a depth of about 5 centims. in clean ice
shavings contained in a brass can with holes in the bottom to allow the ice to drain.
After the apparatus had stood for half an hour the following observations were
made :—

h. m. :

1 0 compensating leads . . 0°1152 ohm (apparent).
1 2 lowercoll . . . . . 2877 ohms )

1 4 upper ,, . . . . . 2882 ’

1 6 L, o, . . . . . 2882 .

1 8lower ,, . . . . . 2877 ,, ’

1 10 compensating leads . . 01153 ohm b’

From these observations we deduce that the resistances of the coils at the melting
point of ice were :— '

Upper coil . . 2'882—0'115 = 2767 apparent ohms = 2786 true ohms.
Lower ,, .. 2:877—0"115 = 2762 ) , = 2731

bR b

In the resistance determinations at the boiling point of water the coils with the
brass rod through them were placed in a narrow brass tube 12 centims. long, the top
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400 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

closed by a cork through which the leads passed, and the whole placed in a hypso-
meter with the lower 11 centims. of the tube exposed to the steam. Owing to the
uncertain behaviour of the shellac on which the insulation of the coils depended in
the presence of moisture at this temperature, the coils were well dried by being kept
at 100° C. for about an hour and a half before the following measurements were

taken : — h m
3 40 compensating leads . . 071223 ohm (apparent).
38 42 lower coll . . . . . 3874 ohms ’
3 44 upper ,, . . . . . 3878 ’
3 46 ’s . o« . . . 3878 ' 5
3 48 lower ,, . . . . . 3876 )
3 50 compensating leads . . 01219 ohm )

Barometer 7678 centims. at 15°5 C. = 76'63 centims. at 0° C. at sea-level in
latitude 45°

From these measurements we conclude that the resistances of the coils at a
temperature of 100°-23 C. are :—

Upper coil . . 3878—0'122 = 3756 apparent ohms = 3715 true ohms.
Lower ,, . . 3875—0'122 = 3753 . , =38712 ’

Although the slight excess of the resistance of the upper coil over that of the lower
coil is not proportional to that of either coil, it is so small in amount that it will be
sufficient in defining the platinum temperature scale for the coils used and in reducing
it to the standard hydrogen scale to use the means of the observed resistances at each
temperature.

We thus have for the platinum temperature #, corresponding to a resistance R of

either coil . R—2734

P 00980
and as the basis of the connection between the platinum and hydrogen scales the
following :—

100923 = 102:3 (R—2734), . . . . . (19)

Temperature ty on hydrogen scale. Resistance.
82°9 C. absolute = —190°1 C. . . . . 0726 ohm.
273°0 C.* = 0°C . . ... 2734 ohms.

378°23 C. ,, = 10023 C. . . . . 3714

In order to compare the platinum used with that used by other experimenters, the
“ fundamental constants” of CALLENDAR are calculated as follows :—

y . 3714—2734 0980
Fundamental coefficient” = TSI 10053 = 2740

1
¢ Al b i — _2 O, .
Fundamental zero 000358 79°3

= 0°00358.

* CHArruls, ¢ Travaux et Mémoires du Bureau International,’ VI., p. 108,
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The temperature on the platinum thermometer conespondmg to —190°1 C. or
82°'9 C. absolute on the hydrogen thermometer'is

0'726—2734

= —205°2.
2734 x 000358
The § of the difference equation
t .
ty—tp = 1) . . . . . . . (2
v 8<100 )100 (20)
is then given by
151—3< 190 1>< 190> or 8=120_ouny
lOO 100 551

The platinum wire is, therefore, nearly identical in properties with that used as a
standard by DEwAR and FLEMING,* the fundamental constants of which CALLENDAR
has calculated,t and appears to be rather less pure than that used by me in the
determination of the heat conductivities of some substances which are electrical
insulators at low temperatures.i

The connection between the two temperature scales (20), and between the
conductivities according to the two scales,

: ditp
ky =k
I P Cl H

is shown in the following table§ :—

&e ]H—/C {14—8(0 Ol-—t}]/50 OOO)} R (21)

TaBLE of Connection between Temperatures and Thermal Conductivities on the
Platinum Scale used and the Hydrogen Scale.

. to kg flp. . tp. kylky.
100 100 0:973 - 60 - 62°6 1-060
90 90-2 0:978 - 70 - 733 1-066
80 804 0-984 - 80 — 840 1-071
70 706 0-989 ‘ - 90 - 94-7 1-077
60 60-7 0:995 -100 - 1055 1-082
50 507 1:000 -110 -116-3 1-088
40 407 1006 - 120 -127-2 1-093
30 30-6 1:011 - 130 -138-2 1-099
20 204 1-016 — 140 —-149-2 1-104
10 10-2 1-022 - 150 —-1603 - 1-110
0 0 1-027 - 160 - 1714 1-115
- 10 - 10-3 1-033 - 170 -182-6 1-121
- 20 - 207 1-038 - 180 -193-8 1-126
- 30 - 31°1 1-044 -190 —-205-1 1-132
— 40 — 415 1-049 - 200 ~216-4 1-137
- 50 - b2-1 1-056

£

¢ Phil. Mag.,” 40, p. 100 (1895).

‘Phil. Mag.,’ 47, p. 213 (1899).

¢ Phil. Trans.,” A, 204, p. 451 (1905).

Compare CALLENDAR, ‘ Phil. Mag.,” 47, p. 214 (1899).
VOL. CCVITL.—A. 3 F )

O At =i
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Standardisation of Resistance Bridge.

The standardisation of the resistance bridge used in determining the resistances of
the temperature coils during a conductivity experiment was effected by substituting
standard coils of 01, 02, 05, 1'0, and 20 ohms for one of the temperature coils,
and adjusting the bridge to a balance as in the experiments.

The standardisation of each of the resistances of the dial used in the measurement
of the difference of the resistances of the two platinum coils, from which the
difference of temperature of the two points a, and ap of the test bar is calculated,
was effected by substituting for it a standard coil of 001006 ohm by Hartmann
and Braun, and examining the effect of the substitution on the balance of the
bridge.

The resistance, 0:1055 ohm, found by adding together the resistances of the ten
coils found in this way, agrees very well with the value 0'1057 found by direct
comparison of the dial with a Wolff 0-1-ohm standard after the experiments were
completed.

In the tables of observations which follow, the values of the resistances given are
the corrected ones.

Standardisation of Ammeter and Voltmeter.

The Weston milliamperemeter No. 5491, which was used throughout the work to
measure the current through the coil in which the heat was generated, was
standardised by comparison with a Kelvin balance which had been checked by the
copper voltmeter. It was found to read 1 per cent. too high. The values of the
current given in the following tables are the corrected values.

The Keiser and Schmidt moving-coil voltmeter was compared by a potentiometer
method with a cadmium and a Clark cell, either separately, in series, or in opposition.
The electromotive force of each cell had been determined by comparison with
a standard Clark. It was found to read 08 per cent. too high. The values given in
the following tables are corrected values.

Determunation of the Coefficient “h” of Loss of Heat from the
Surface of the Rod.

The final expression for the thermal conductivity % of the material of the rods,
equation (18), p. 396, involves a knowledge of %, the heat lost in 1 second from
1 sq. centim. of surface of the bar when that area is 1° C. hotter than the surrounding
tube. As the terms involving % only affect the result to a small extent, an
approximate value of the quantity is suflicient.

To determine this value, the heating coil and upper temperature measuring coil
were placed on a brass rod 52 centims. long, so as to divide the rod into three equal


http://rsta.royalsocietypublishing.org/

N
I \

a4
A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

CONDUCTIVITIES OF METALS AND ALLOYS AT LOW TEMPERATURES. 403

parts. This rod with its coils was suspended in the centre of the tube. A short
brass rod 2 centims. long was fitted into the base of the tube, and on the end
projecting into the tube the lower temperature measuring coil was placed. The coils
were connected up as in an experiment to determine conductivity.

On sending a small current through the heating coil the temperature of the rod in
the centre is raised, and when equilibrium between the electrical supply of heat and
the loss of heat from the surface of the rod had been attained, the excess of tempera-
ture of the rod over the temperature of the shorter one continuous with the enclosing
tube was observed. The temperature of the latter and the supply of power to the
central rod were also measured. To get rid of the effect of the slow change of
temperature of the enclosure the heating current was then switched from the rod to
the enclosure, and the difference of temperature between rod and enclosure again
measured after the steady state had been attained.

The same series of observations was made at about 100° 200° and 800° absolute
temperature.

The total quantity of heat, H, imparted to the bar per second by the heating coil is
given in gram-degrees by equation (17), p. 395, as

H = 0-2406A {(1—0°057A) P,—(0-021+0:000117) A} —0-0000048v¢—0-00001 30,
where A = amperes sent through coil,

P, = volts at ends of leads,

7 = absolute temperature of enclosure.

Ve = vy = excess of temperature of rod over that of enclosure.

If' S 1s the total surface of rod and sleeves, and the coefficient 4 of loss from surfaces
of rod and sleeve be assumed to be the same, since both were slightly oiled surfaces,
we have

H = S]I/UB.
Hence

IS = 02406A {(1—0°057A) P,—(0'021+0°000117) A} v5~*—0-000018.
Now
S =2{(228x0'42)+(2'14x0°31)} for sides and ends of sleeves,

+(52—1'8) 1°84+(2x027)  ,, ,. ,  rod,
= 1096 sq. centims.
vy = (1°026+28'6h) &y (12), p. 392, and &, = 1023 (Ry—R,) (19), p. 400,

where @y is the mean temperature of the platinum temperature coil on the rod, Ry its
resistance, R, that of the coil in thermal contact with the enclosure.
3F 2
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Thus
j— 1 [0:2406A[(1-0057A) P,—(0-021+000011r)
= 1096 { (1026 +29/) 102°35 (Ry—R,)

Al —~O’000018}>

ne.,
(1—0-057A) P,—(0°021+0000117) A

= 00002144 {1026+ 29%) (Top— )

—0°0000016. (22)

The table on p. 405 gives the observations and their reduction.

Although the determination of the general law of variation of the coefficient A with
temperature is not necessary for the purpose of the present work, it may be of
interest to point out that the observed values of A for the three values of the mean
temperature of rod and enclosure measured on the hydrogen temperature scale do not
agree with any of the formule which have been proposed to express that variation.
Lorenz* proposed the formula A oc1+0t", but WaGNERT has recently found it
unsuitable and suggests h oc 1+bt%, while I found? A ¢, where n = 026, suitable over
a comparatively small range of temperature. The present observations suggest the
expression h o 1+bt*? for the case of a small rod at very low temperatures in an
enclosure only a few, say 10, degrees cooler than itself. ¢ is the mean temperature
of rod and enclosure on the hydrogen thermometer scale.

Results of Thermal Conductivity Experiments.

In the Tables of Observations and Results which follow, the values of the quantities
observed are given after correction for errors, if any, of the observing instruments.
In addition, a few of the most important quantities involved in the calculation of the
conductivities are given, in order to facilitate comparison of the different experiments
with each other, and to enable errors in the calculations to be more readily detected.

* L. LorENz, ¢ Ann. der Physik,” 13, p. 582 (1881).
T R. WAGNER, ‘ Beiblitter,” 27, p. 534 (1903).
} C. H. Legs, ‘Phil. Mag.,’ 28, p. 429 (1889).
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The results of the observations are embodied in the curves on the opposite page.

From the smooth curves drawn as nearly as possible through the points given by
the observations, the table on p. 426 of values of the conductivities at various
temperatures has been constructed.

Discussion of the Thermal Conductivity Results.

An inspection of the curves of results over the temperature range —170° C. to
+30° C., to which for comparison the results obtained by JAcrr and DiksseLHORST*
at 18° C. and 100° C. have been added, shows that over the whole range from
—170° C. to +100° C. the thermal conductivity of a pure metal changes comparatively
little. As to the character and magnitude of the small rates of change of conductivity
with temperature at 18° C., the two sets of experiments are in close agreement
throughout. As the temperature rises there is a slight decrease in the conductivity
of zine, copper, iron, cadmium, tin, and lead over the range covered by the
experiments. The absolute values of the conductivity at 18° C., given by the present
experiments, agree closely with those given for these metals at this temperature byA
JAcer and DIEsSELHORST, except in the case of cadmium, for which the present
value of £ at 18° C. is about 2 per cent. less than that obtained by JicEr and
DiesserHorst.  Silver appears to have a maximum conductivity at about —90° C.,
and to decrease very slightly in conductivity up to +100°C. The value of £ at 187 C.,
according to the present experiments, is about 3 per cent. less than that of JAcERr
and DiesserHorsT. Steel shows a slight tendency to a maximum about —50° C.,
the change with temperature at 18° C. agreeing with that found by JAicer and
DiessenuORST, although the absolute value at 18° C. is about 5 per cent. higher than
for their steel. Aluminium has a minimum conductivity about —110° C., and a
rate of change with temperature about 18° C., which agrees with that found by
JAGER and Diesseruorst, although the absolute value is about 4 per cent. higher
than theirs. ) .

The alloys tested all increase in conductivity with increase of temperature. In the
case of manganine the absolute value and the rate of increase with temperature at
18° C. agree with those given by JAGER and DIESSELHORST.

When the slight unavoidable differences in purity of the specimens used by JAGER
and DiessELHORST and by myself are taken into account, the close agreement between
the results obtained by methods which differ so materially from each other must be
considered most satisfactory, for not only have we possible differences in chemical
composition to contend with, but, according to the researches of BrriLpy, for each

* W. JAGER and H. DiessELHORST, ¢ Wissenschaftl. Abhandl. d. Phys.-Techn. Reichsanstalt,” 3, p. 270,
(1900). In cases where they give two or more values for the same metal, that value has been used to
which they attach the greatest weight.

t ¢Phil. Mag.,” 8, p. 258 (1904) ; ‘Roy. Soc. Proc.,” A, 76, p. 462 (1906), and 79, p. 463 (1907).
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metal there is a hard and a soft state, with different physical properties. If in the
future a still closer agreement between the results obtained by different observers is
demanded, it will be necessary to specify both chemical composition and microscopic
structure of the materials tested.

The fact that the thermal conductivities of most of the pure metals decrease with
increase of temperature, while those of all the alloys tested increase with increase of
temperature, raises the question whether the increase with temperature observed in
the case of aluminium both in JAGER and DIEssELHORST'S experiments and in the
present ones, and in that of nickel in the present experiment, cannot be attributed to
small amounts (less than 1 per cent.) of impurity remaining in the specimens tested.

While there is much to be said in favour of this in the two cases mentioned, it
seems to me that the apparent existence of a maximum of conductivity of silver, and
possibly of steel, and a minimum conductivity of aluminium, shows that we must
guard ourselves against stating that the thermal conductivities of all pure metals
decrease as the temperature rises, and limit ourselves to the less general statement
that the thermal conductivities of most pure metals decrease with rise of temperature
over the range —170° C. to +100° C., while those of all the alloys tested increase
over the same range of temperature.

On comparing these results with those obtained previously for non-metallic sub-
stances,* mostly electrical insulators, it will be seen that on the whole metals and
non-metals are affected in the same way by change of temperature, ¢.e., both tend to
conduct heat better at low than at high temperatures, while alloys conduct better at
high than at low temperatures, and in this respect resemble glass, the only mixture
of non-conductors of electricity which has up to the present been investigated.

SeEcrioN 2.—THE ErrctricAL CoNDUCTIVITY MEASUREMENTS.

The effect of temperature on the electrical resistivity of the material of each rod
was determined by sending an electric current along the rod and through a standard
small resistance in series with it. The rod was supported on a pair of knife edges,
4 centims. apart, and the difference of potential between

the two was compared with that between the potential N__ng__.__.|
terminals of the standard resistance by the method
shown in fig. 4. L

a is the rod, b, ¢ two short copper cylinders provided 2 & 1|
with slightly conical holes into which the ends of the r—i—j ¢ i t
rod were gently forced, d, e are the knife edges which };‘ig . &

support the rod and serve as potential terminals, f is
the standard resistance of 0:000994 or 0:0001182 ohm. The current was supplied
from a storage cell g, and could be adjusted by means of the resistance A.

* LEgs, ¢ Phil. Trans. Roy. Soc.,” A, 191, p. 399 (1898); A, 204, p. 433 (1905).
312
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428 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

A second circuit, insulated from the first, consisted of a small resistance L provided
with potential terminals, a storage cell, and a resistance box R.

One of the potential terminals of L could be connected directly to one of the
potential terminals of f, or to one of the knife edges on the rod, while the other
could be connected through a low-resistance galvanometer to the other
terminal of f, or to the other knife edge.

In either case the resistance R was adjusted till no current passed
through the galvanometer. If Ry is the resistance which gives a balance
on the rod and Rg that on the standard resistance, the resistance of the
% / ] rod between the knife edges is equal to Rg/Ry times that of the standard
i | resistance, the electromotive force in each circuit being supposed constant
during the observations, and the resistances of the cell and L being
negligible compared to R.

In order to overcome the effects of thermo-electric currents the circuits
were made through a ‘ thermo-electric key,” which, when up, cuts the
cells out of but leaves the galvanometer in circuit. On depressing it,
| the first operation is to break the galvanometer circuit, then make both
) B cell circuits, and lastly re-make the galvanometer circuit.

The frame supporting the rods during the test is shown in fig. 5.
It consists of four strips, &, D, E, F, of sheet copper, 1 centim. wide,
0'08 and 0°05 centim. thick, insulated from each other by strips of mica
slightly wider than the copper, the whole shellacked and bound together
with shellacked silk thread.

The upper end of each strip is soldered to 80 centims. of copper wire of
‘054 centim. diameter, which connects it with the rest of the circuit
shown in fig. 4.

F : The outer copper strips, F and G, end in short lengths of flexible
| conductor, to the ends of which the copper caps B, C, which fit on to the

™1

]@ijaﬂ:ﬁ»lu

!

o3 rod A, are soldered. The middle copper strips are bent at right angles
° at their lower ends and form the two knife edges D and E in which
the rod is supported. To insure good contact, the rod is bound to

Fig. 5. the frame by a few turns of silk thread passing over it at each knife

edge.

The temperature of the rod was measured at the centre of its length by a platinum
thermometer P, consisting of about 31 centims. of No. 40 silk-covered platinum wire
identical with that used in the thermal conductivity observations, and having a
resistance at 0° C. of about 273 ohms. This was wound at the centre of a thin
ring of mica which just fitted the rods. It was made by winding round one of the
rods, whose surface was oiled slightly, a very thin strip of mica which had been
shellac varnished, binding wire round it and baking it. On cooling, a ring which
stood throughout the experiments was obtained. The ends of the fine platinum wire
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were soldered to the ends of two lengths each of 33 centims. of double silk-covered
copper wire, 0°069 centim. in diameter, Q. In order to prevent strain of the thin
wire, the copper wires rested in grooves in the edge of a small block of wood, W, the
other edge of which rested on the mica ring, and several turns of thread were taken
round ring, block, and leads. The whole was shellac varnished and stoved.

The platinum thermometer formed one arm of a resistance bridge, the equal arms
of which each consisted of an ohm coil. The adjustable arm consisted of two
resistance boxes with units and tenths, and the dial mercury cup resistance (p. 384)
giving hundredths. The current was supplied by a Leclanché cell through a
resistance of 5 to 10 ohms, and the galvanometer was a small pointer galvanometer
allowing a determination of resistance to 0002 ohm, and of temperature, therefore,
to 0-2° C. ‘

The frame, rod, and thermometer were enclosed in a brass tube T, 15°7 centims. long,
2-2 centims. outside diameter, with walls about 0°05 centim. thick, lined inside with
mica. Around this tube a few turns of insulated manganine wire were wound.
Through this wire an electric current could be sent if at any time it was necessary to
raise the temperature of the apparatus. The rod was not concentric with the tube,
owing to the space occupied by the frame. The space between rod and tube was
filled with clean sand so as to facilitate communication of heat between the two.
The upper end of the tube, out of which the insulated leads passed, was closed by a
split cork.

Method of Experimenting.

In making an experiment the following was the routine adopted :—

The rod was first lightly oiled at the centre of its length, and the mica ring of the
platinum thermometer slipped over it, the oil assisting the motion and excluding air
from the space between rod and inner surface of ring. The excess of oil was then
wiped away, The knife edges were then cleaned if necessary. The ends of the rod
were next inserted into the end caps and the rod then placed on the knife edges.
The threads holding the rod in its place were then wound round it, the rod moved
slightly to ensure good electrical contact between it and the knife edges, and the rod
and frame placed in the brass tube. The sand was then poured in and the top of the
tube closed. The brass tube and contents were then placed in a straight Dewar
vacuum vessel, 20 centims. deep, 4 centims. wide, and the top closed by a plug of
cotton wool. The various leads were brought to copper mercury cups at which
connections were made to the circuits. ,

The temperature of the rod was determined by balancing the bridge, and the
resistance in series with the rod was so adjusted that the values of R (fig. 4) neces-
sary to balance when the supplementary resistance L was connected to the rod and
standard resistance f respectively were convenient. After a few minutes’ interval,
during which any temperature differences in parts of the apparatus had time to
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disappear, the temperature and the values of R for balance were determined
accurately. _

Liquid air was then poured into the Dewar tube, and when the temperature had
become steady, the observations of temperature and of values of R were repeated.

The liquid air was then poured out of the Dewar tube, and the temperature rose
slowly. During the rise several observations of temperature and of R were made at
intervals. After three or four observations had been taken the temperature of the
apparatus was raised 40° or 50° by sending a current for a few minutes through the
manganine wire wound on the outside of the brass tube. When the rate of rise of
temperature was again normal, observations were again taken. These steps were
repeated till the original temperature of the rod was reached. In no case did the
value of the resistivity at the end differ appreciably from its value at the beginning
of an experiment.

Reduction of the Electrical Conductivity Observations.

In order to obtain the temperature of the rod from the measurements of the
resistance of the platinum thermometer and its leads, we require to know the
resistance of the leads and the constants of the thermometer. The resistance of
the leads was determined by placing an equal length of the same wire alongside the
leads and determining its resistance for various temperatures of the rod during one
of the experiments. The values thus found were subtracted from the resistances
determined by the bridge in each experiment.

The constants of the platinum coil were found by comparison with the two coils
previously used in the heat conductivity measurements. The three coils were
made in the same way of the same wire, and the new coil agreed throughout
with the old “B” coil. The constants used in the reduction of the resistance
measurements to temperature in the former experiments were therefore used in the
present case. ‘

As it was not the practice to wait till the temperature was quite steady before
observations of temperature and resistance were made, there may be a slight differ-
ence of temperature between the rod and thermometer. Attempts were made to
“determine the magnitude of this difference by raising or lowering the temperature of
the zinc rod at about the same rate as was usual in an experiment, i.e., 1° C. per
minute, and comparing the results. No difference of temperature of the thermometer
so large as the experimental error, '2° C., could be detected between observations
which gave the same value of the resistance of the rod with rising or falling tempera-
ture. A rough calculation from the dimensions of the mica ring on which the
thermometer was wound showed that the difference of temperature of rod and
thermometer could not exceed one-tenth of the change of temperature of the rod in
one minute. Whenever in an experiment the rise of temperature has exceeded *5° C.
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per minute, a correction equal to one-tenth the rate of rise has been subtracted from
the observed temperature.

The determination of the resistance of the rods depends virtually on the measure-
ment of the current through them and the difference of potential at two points
4 centims. apart. As the rods are about 75 centims. long, and the current was
introduced through a strip about 1 millim. broad, situated at the ends of the curved
surfaces of the rods, the current may, to the degree of accuracy aimed at in the
present paper, be assumed to be uniformly distributed throughout the cross section
of the rod in the interval between the two knife edges at which the potential differ-
ence is measured.* If Ry is the resistance found, p the resistivity of the material,
A the area of cross section of the rod, and 2« the distance between the knife edges,
we may therefore write p = Ry A/2a.1

* The distribution of potential » throughout a rod of length 2/ and radius R and resistivity p, through
which an electric current flows which enters and leaves by strips of breadth & of the curved surface at each
end, and is of uniform density ¢ at each strip, is given by the equation

e (—25—_1?1—) sin (2n + 1)— sin (2n + 1) 57 ’TIo <(2n+ ) jid > I <(2n+ HI2 >
where z is the distance of a point from the central transverse section, 7 is its distance from the axis of the
rod, and I () is the Bessel function with unreal argument.

Hence the potentials at the points +a, R on the surface at which the knife edges touch the rod differ
from that at the central section by

8clp %

Vo = —5 2 (-1 ——— sin (2n+1) 3111(2n+1)1;%10<(2n+1)3’§1l}> Il<(2n+1)f2i?>,

(2 1y
or, if C is the total current (= 2w Rbe),

4Clp

=t 3 (-1 (2 sin (@ + D7 s1n(2n+1)7m10<(2t+1) /Il<(2n+1) >

In the apparatus used ! = 3:75, ¢ = 2,0 =1, R =+ 29 centim.

Hence
b . T4 g0 TR
=2 S=as, TRoc12,
and the equation reduces to
Cpa . .
Yo = 5 to within 1 part in 500.

The above statement is therefore correct to 1 part in 500.

t If R is the radius of the rod, and 2« the distance apart of the knife edges at 0° C., at any temperature

6° C. we have
p = RuAf20[1+(22 - ) 6],

where « is the mean coefficient of expansion of the material of the rod, and B that of the copper frame
holding it, between 0° C. and 6° C.

The values of the mean coeflicients of expansion of metals at low temperatures are only known in a few
cases, but from these cases it does not seem likely that the value of the correcting factor 1+ (2« — )6
exceeds 1 by more than 1 part in 200, in any of the experiments,


http://rsta.royalsocietypublishing.org/

A
A

A
|

/\
-
A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

a ¥

[

A
S

a

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

432 : PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

Results of Electrical Conductivity Lxperiments.

The following tables of resistivities at different temperatures embody the results of
the observations :—

SiLver Rop. ‘ ArumiNiom Rob.
Ag = :999.  Al=-99,

Density at 21° C. = 10-47. Density at 20° C. = 2°70.

Temp., | Resistivity, || Temp., | Resistivity,
H. ohm per H. ohm per Temp., | Resistivity, || Temp., | Resistivity,
scale. {centim. cube.|| scale. |centim. cube. H. ohm per H. ohm per
seale. | centim. cube. scale. | centim. cube.
°C. °C.
~ 21'3 | 1-684%x1076||~109-0 | 0-880x 1076 °C. °C.
~176-1 | 0-456 -1025 | -923 ° + 921°1 ] 2-97 x1076,|—~113-3 | 1-356 x 10~
~178-1 <455 — 986 949 20°7 | 297 -108:9 | 1-415
~ 1785 453 — B4-9 | 1-236 —-181:5 | 0:623 -103-0 | 1-480
~178'3 <479 — 52-8 | 1-239 -178'3 + 645 ~ 40°5 | 2:256
—1779 <471 — 506 | 1-245 -169°3 ‘711 - 36:0 ] 2-301
~177-6 <470 — 13:0 | 1-468 —-162-2 <782 —- 35°0 | 2-301
~ 1775 <470 — 192+0 | 1-471 - 153-9 - 885 - 3391 2-305
_151-2 609 + 21°0 | 1-675 — 1466 978 + 12-2 | 2-86
—~144°9 *660 21:0 | 1:676
-139-2 *693
Zinc Rop.
Corerr. Rop. Pure Redistilled,

Soft-drawn High-conductivity Copper. Density at 21° C. = 710,

Density at 23° C. = 8-84.

Temp., | Resistivity, || Temp., | Resistivity,

Temp., | Resistivity, || Temp., | Resistivity, H. ohm per H. ohm per

H. ohm per H. ohm per scale. |centim. cube. || scale. |centim. cube.
scale. |eentim. cube. || scale. |centim. cube. B

°C. °C.

°C. °C. + 18:8| 630 x1076|| —66°9 | 4:41x107°
—176-8 | 0°375%x107¢| - 1334 | 0-677 x 107¢ —~180-3 | 1699 -62:9 | 4-46
-175-7 | -375 —-130-3 | 707 -179-2 | 1-732 ~24-7 | 5-36
-173-9 | -384 ~105-0 | -884 —-174-6 | 1-833 -20-3 | 5-48
-173-0 | -394 -102:0 | -909 ~171'5 | 1-931 -17-6 | 552
-172-7 | -398 - 97-0 | -936 —168-4 | 1-96 +16-7 | 6-30
-171-1 | -401 - 91-1 | -989 ~168-2 | 1-96 188 | 6-34
-159-0 484 - 36°0 | 1-365 -116-3 | 3-26 47-8 | 699
-155-2 508 ~ 32:711-388 -107-0 | 3-50 51-7 | 7-09
-151-2 | -543 - 17-0 | 1-502 - 997 3-69 54:3 | 714
—-143-9 579 - 155 | 1-506 - 87-2 1393 90-3 | 8-01
-141-6 | -612 + 16-9 | 1-753 ~ 786 | 4'14 90-0 | 803
~136-9 | -637 16+9 | 1-750 - 70-1 | 432 88:8 | 7:99
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CONDUCTIVITIES OF METALS AND ALLOYS AT LOW TEMPERATURES. 433
Capmium Rop. Tin Rop.
Pure Redistilled. Pure Tin (KAHLBAUM).
Density at 21° C. = 8'64. Density at 21° C. = 7-28.
Temp., | Resistivity, || Temp., | Resistivity, Temp., | Resistivity, || Temp., | Resistivity,
H. ohm per H. ohm per H. ohm per H. ohm per
scale. |centim. cube. || scale. |centim. cube. scale. |centim. cube. || scale. |centim. cube.
°C. ) °C. °C. °C.
+ 210 | 7-72x1076|| ~75-1| B5-05x10°¢ + 11-6 | 10:65x1076|| —986 | 5-96x 1070
21-0 | 7-72 -70-1 5-15 -170-4| 3-:00 -91-3 | 6-24
-178-1 222 -65-4 | 5-28 -170-4 ] 3-00 —87-7 6-44
-174-1 | 2-34 -59-9 | 546 -169-1| 3-17 -52:9 | 7-88
-171-0 | 2-41 -32'5| 618 -165-9 | 3-26 -48-8 | 808
~167-9 | 2-48 -29-3 6-28 -164-7 | 3-36 —-46-7 | 813
-165-9 | 2-56 -252 | 6-38 -162-3.| 3-42 ~42-2 | 8-29
-125-4 | 3-67 -23-5| 6-44 -163-1 345 -40-0 | 8-42
~116-9 | 3-87 - b7 696 -150-8 | 3-51 -36-1] 8-59
~110-5 | 4-07 +22-8| 7-78 - 1488 | 3-96 +11-8 | 10-70
~105-8 | 4-18 22:8 | T-78 -107-0 | 5-58 13-3 | 1075
. -103-1 5-77 13-3 | 10-75
Irox Rop.
Fe = -994.
Brass Rob. Density at 21° C. = 774,
Approx. ‘70 Cu, 30 Zn.
Temp., | Resistivity, || Temp., | Resistivity,
: o _ q. H. ~ohm per H. ohm per
DenSlty at 22° C. = 8-44. scale. | centim. cube. || scale. |centim. cube.
Temp., | Resistivity, || Temp., | Resistivity, °Q. °C.
H. ohm per H. | ohm per + 19-9 | 14:33x1076|| —81-8 | 8-98x 10~
scale. | centim. cube. || scale. |centim. cube. —175-3 | 4-90 -7m-61 9-15 _
| ~175-8 | 4-87 —T1-4 | 948
-175-5 | 4-86 -69'5 | 9-56
°C. °C. -175°6 | 4-86 -66-9 | 9:67
+ 215 | 6:57x1076|| -92:3 | 5:06x1076 -174-2 | 4-89 —-614| 9-96
21-4 | 657 -87-2| 513~ -170-3 | 5-01 -21-8 | 12:03
-174-5 | 3-84 -78:6 | 5-20 -166-3 | 5-20 -19-2 | 12°19
-171-0 | 3-89 ~76:6 | b5-23 -159-4 | b5-4b -16-1 | 12-33
-165-1| 3-97 ~68-8 | 5-34 -154-4 | 5-64 -14-0 | 12-46
-161-2 | 4-03 -29-3 | 5-89 -129'6 | 676 +10-3 | 1370
- 1589 | 4-09 -25-7 5-93 ~121-4 | 7-08 221 | 14-46
-150-8 | 4-16 -22:7| 5-98 -117-0 | 7-34 21-0 | 14-30
-109-1 | 4-78 -20°4 | 6-02 -111-1 | 7-59 18-3 | 14-21
-104-6 4-84 +14:9 | 650 -106-7 | 7-81 16-7 | 14-16
- 995 | 4-94 - 99-7| 8-16 ' :

VOL. CCVIIL.—A.
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434 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL
NickerL Rob. Lrap Rob.
Ni = +99. Pure.
Density at 21° C. = 8-80. Density at 25° C. = 11-29.

Temp., | Resistivity, || Temp., | Resistivity, Temp., | Resistivity, || Temp., | Resistivity,

H. ohm per H. ohm per H. ohm per H. ohm per

scale. | centim. cube. scale. | centim. cube. scale. | centim. cube. scale. | centim. cube.

°C. °C. °C. °C.
+ 17-7 1 12-87x107°6|| -70-3 9-04x 1076 + 174209 x1076|] —-92-2 12:74107¢
-178-1 542 -65-0 9-29 o 17-2 ] 20°9 - 89-2 129
- 1787 5-41 —-60°6 9-48 ~-167-2 6-98 - 554 15-3
- 181-7 5-29 -50-0 9-92 -170-0 6:71 -53-7 155
- 1586 592 —-41-3 | 10:26 -137-7 9:01 -53:0 156
— 1473 6°24 -39-8 | 10-36 - 135-7 9-25 -51-8 15-7
-137-1 6:61 —-34+5 ] 10-61 - 132-7 9-45 —-14-5 185
- 1175 722 —-28+3 | 10:86 -129-4 9-71 —~14-0 185
-107-8 776 —24-1 | 11:02 - 96:0 | 12-3 +15°7 208
-101-8 794 +19-3 | 1292 - 94:6 | 12°6
~ 94-3 | 8-24 22-1 | 1305
— 884 842 922-1 | 13-07 B o
- 798 874 i :

Prativoip Rob.
STEEL Rob.

Approx. 62 Cu, 15 Ni, 22 Zn.
C approx. ‘01.

) Density at 22° C. = 8°66.
Density at 24° C. = 7-84.

Temp., | Resistivity, || Temp., | Resistivity,

Temp., | Resistivity, || Temp., | Resistivity, . ohm per H. ohm per

H. ohm per H. ohm per scale. | centim. cube. || scale. |centim. cube.

scale. |centim. cube. || scale. |centim. cube.

. °C. °C.

°C. ° C. + 21°2 | 34-4x107¢|| -99-5 | 33-1x107
+ 16-2 | 18-33x 1076||-101+9 | 1113 x 107¢ -171-0 | 32-4 -96-4 | 33-1
-172-7 | 7-19 - 95-8 | 11-49 -173-0 | 323 -92-1 333
~173-9 | 7-12 - 92:7 | 11-69 -172:0 | 32-4 -71-0| 333
~-172-2 | 7-18 |- 40-8 | 14-74 -160-2 | 32-3 -66:6 | 335
~165-2 | 7-54 - 396 | 14-84 -155-0 | 32-4 -35-01| 337
~154-8 | 8-07 - 36:0 | 15-08 -146-7 | 32-6 -24-4| 338
-146-9 | 8-36 + 21-8 | 18-67 -134:6 | 32-8 +10-0 | 34-3
-111-0 | 10-53 22:1 | 1871 -103-9 | 33-0 10°5 | 34-3
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)\

y &

OF

A

OF

GeErMAN SILVER Rop. ' MaxcANINE Rob.
Approx. *62 Cu., ‘15 Ni, 22 Zn. Approx. -84 Cu, 04 Ni, 12 Mn,
Density at 22° C. = 8°67. v Density at 22° C. = 8°42.
Temp., | Resistivity, || Temp., | Resistivity, T.emp., Resistivity, || Temp., | Resistivity,
| H. ohm per H. ohm per H. ohm per H. ohm per
scale. | centim. cube. || scale. |centim. cube. scale. |centim. cube. || scale. |centim. cube.
°C. °C. °C. ' °C. ‘
+ 17°2 | 39-9x1076||-116-1 38:3x 1076 + 17°7 | 44°6x1076| —66°8 | 44-4x1076
17-2 39-8 -105:3 | 38+4 177 | 44°6 -51:8 | 44'5
-169-1 38-0 - 955 | 38:6 -161-0 | 43-3 -50-2 | 44'5
-168-2 | 38:0 - B57-2| 39-0 -164-0 | 43-0 —-46-3 | 44°5
-167-7 | 380 - 5331 391 -163:5 | 430 —-43:6 | 44°5
-159-3 | 38-0 - 509 | 391 -163:0 | 430 -26:0 | 44'5
-153-0 | 379 - 165 | 395 -154:5 | 43°1 -17-5 | 44°5
-145-8 | 37-9 - 155 | 395 —145-3 | 43-2 —-14:0| 44°5
-134:6 | 38:0 + 16-7 | 39-8 -133:6 | 43-4 -13-5 | 44'5
-126-9 38-1 16-3 39-8 -119-2 43-9 +13-6 44-5
—-109-9 | 440 13-8 | 445
- 985 | 44-2
Lirowitz Arroy Rop.
Approx. *50 Bi, 25 Pb, ‘14 Sn, ‘11 Cd.
Density at 20° C. = 9-66.
Temp., | Resistivity, || Temp., | Resistivity,
H. ohm per H. ohm per
scale. |centim. cube.|| scale. |centim. cube.
°C. °C.
+ 19:6 | 47-5x1076/|-122-9 | 28:9x107¢
-176-6 | 21-3 - 92-1 33-2
-178-1 21-1 - 89-1 337
-178'5 | 21:0 - 87-0| "34:0
-178:5 | 20-9 - 85-1 34-3
-175-7 | 210 - 37-4| 40-4
-173-4| 215 - 357 | 409
-170-5 | 218 - 35:0 | 41-0
--141-5 26-1 - 34-6 41-0
~-134-6 | 27-4 + 12-1 467
-129-3 279 121 468
-125-4 | 28-3
3 K 2
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436 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

The results given in the foregoing tables are shown graphically in Plate 30, in which
the crosses indicate values obtained by observation. To get a more compact diagram
the scale has been varied to suit the substances tested, and the words which follow
the names of the substances on the diagram, e.g., “ 1/10 scale,” indicate that the
values plotted in the diagram are that particular fraction of e.g., 1/10 of the values
observed. ‘

The values found by JAGER and DIESSELHORST at 18° C. and 100° C. are shown by
the broken lines to the right. The lines for the same material in the two cases are
joined by a dotted line or by a bracket.

As. the electrical resistivity of a metal is nearly proportional to the absolute
temperature, .., the electrical conductivity multiplied by the absolute temperature
nearly a constant, and as this product is required in the discussion which follows, a
table of values of the quantity at a number of temperatures within the range covered
by the experiments is given on p. 437. It has been calculated from the values of the
resistances taken from the curves of Plate 30.

Discussion of the Electrical Results.

A comparison of the values of the electrical resistivities obtained in the present
experiments with those obtained at 18° C. and 100° C. by JAc¢ER and DIESSELHORST,
shows that the agreement is not quite so good as in the case of the thermal
measurements. This is not likely to be due to errors of observation, as the electrical
measurements admit of greater accuracy than the thermal. It seems rather to point
to the greater influence on the electrical properties than on the thermal, of small
differences in chemical composition, or in physical structure. This is in keeping with
the results obtained by GRUNEISEN* in the cases of copper and iron.

The influence of impurity on the electrical resistivities of metals is, in fact, so
marked, particularly at low temperatures,i that a comparison of the resistivities found
in the present experiments with those found by Dewar and FremiNe (D.F.), and by
KamerLiNgH ONNES and CrLay (O.C.), will serve as a test of the degree of purity of the
materials used.

* (RUNEISEN, ‘ Ann. der Phys.,’ 3, p. 43 (1900).

+ MATTHIESSEN, ‘Ann. der Phys.,’ 122, pp. 19, 68 (1864). DEwAR and FrLEMING, ¢ Phil. Mag.,’ 36,
p. 271, (1893) ; FLEMING, ¢ Proc. Roy. Inst.,” June, 1896, p. 9. " KAMERLINGH ONNES and Cray, ¢ Comm.
Leiden,” No. 99° (1907).
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438 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

TaBLE of Electrical Resistivities, and of the Ratio of Resistivities at —170° C,
and at 0° C.
p in ohms per centimetre cube.

po- p—rro/po. Po. . p=170/po.
Copper . . . 1-62x 1076 -253 Tin . . . .| 10°16x107¢ -307
1-56 -241 D.F. 131 +310 D.F.
1-58 N.*
Lead. . . . 19-6 +345
Silver. . . . 1-55 . +326 204 *343 D.F.
1-49 -317 D.F. —_— +345 O.C.
— +305 0.C. 19-8 N.
1:51 N. )
Iron. . . .| 13:16 +383
Aluminium . 2:72 <957 9-11 -188 D.F.
2-58 +272 D.F. 10-7 N.
262 N.
Nickel . . . 12-08 *465
Zine . 5-92 +328 12-35 *207 D.F.
577 -312 D.F. 12-0 N.
Cadmium 7-12 *343
10-0 +343 D.F.

The values of the ratio p_i;/p, in the case of DEwWAR and FLEMING’S metals have
been calculated from their tables of results with the help of CALLENDAR'S table,
connecting their platinum temperatures with hydrogen temperatures.

‘From this table it follows on the strength of MATTHIESSEN’S rule that impurity
raises the resistivity, that the materials used in the present experiments were, in
soine cases less and in some cases more pure than those used by DEwAR and FrLEMING.
In most cases the difference is not large, but in the cases of cadmium and tin the
materials used have a considerably less resistivity, and in the case of iron a consider-
ably greater resistivity than those used by DEwar and Fremine. In the case of
nickel and iron the ratios of the resistivity at —170° C. to that at 0° C., are much
larger than the corresponding ratios calculated from their observations. The total
amount of impurity present in each of these specimens is less than 1 per cent., so
that the influence of even small quantities of impurity seems to be very marked.

The table of values of the product of electrical conductivity into absolute tempera-
ture, given on p. 437, shows a general tendency for the product to increase with
decrease of temperature for all the metals tested except iron and nickel, and these
contained a little impurity. The increase is relatively small in the case of lead,

* NIccoLAT’S results, ¢ Accad. Lincei Atti,’ 16, p. 906 (1907). His results at low temperatures have
not been used, as there is no indication that the temperature readings of the thermo-junctions used by him
have been reduced to the hydrogen scale. :

T CALLENDAR, ‘ Phil. Mag.,’ 47, p. 214 (1899).
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CONDUCTIVITIES OF METALS AND ALLOYS AT,LOW TEMPERATURES. 439

which, however, was very free from impurity. All the alloys show a decrease of the
product as the temperature decreases.

A comparison of this table with the table of thermal conductivities given on p. 426
will show that there is some similarity between the two.

SecrioN 1II.—CompPArISON OF THERMAL AND ErLECTRICAL CONDUCTIVITIES.

In 1882 L. Lorexz* showed by measuring both the thermal and electrical con-
ductivities of bars of a number of different metals, that the quotient of the thermal
by the electrical conductivity was not constant, as WIEDEMANN and Franzi had
supposed, but increased with the temperature, so as to be nearly proportional to the
absolute temperature, a result which he had anticipated} on theoretical grounds. His
results did not attract much attention till the publication of RIECKE’s electron theory
of conduction in 1898§ and the confirmation of LoORENZ'S theory for pure metals
between the temperatures 18°C. and 100° C. by JiaER and DIESSELHORST, in 1899,
by a method which gives the quotient of the two conductivities directly.

Next year DRUDE'S electron theory appeared,¥ and more recently H. A. LorENTZ
has published one.**

According to these theories the electricity and energy are supposed to be carried
entirely by free electrons which move to and fro and come into collision with the
molecules of the metal and with each other, and are assumed to have on the average the
same kinetic energy of translation as the molecules of a gas at the same temperature.
In the first two theories both positive and negative electrons are movable, in the
third the negative only.

On the former theories if we limit ouxselves to two kinds of electrons carrying
charges e, and e, where e; =—e, =—e, and if n,, n, are the numbers per cubic centi-
metre, u;, u, their velocities at a temperature ¢, J,, I, their mean free paths, we have the
thermal conductivity

~ k = Fou (nyudy + ngusly),
and the electrical conductivity
k = (at) 7 (mulie® + nguslses’),

where a is the mean kinetic energy of translation of a gas molecule at absolute
temperature 1°.

* L. LorENZ, ¢ Ann. der Phys.,’ 13, p. 422 (1882).

t G. WiepEMANN and R. FRANZ, ¢ Ann. der Phys.,’ 89, p. 497 (1853).

1 L. LoRENZ, ¢ Ann. der Phys.,” 147, p. 429 (1872).

§ E. RiECKE, ¢ Ann. der Phys.,’ 66, p. 353 and 545 (1898).

| W. JiGeEr and H. DIESSELHORST, ‘Sitz.-Ber. Akad. Wiss. Berlin,’ 38, p. 719 (1899), and ¢ Abhand.
der Phys.-Tech. Reichsanstalt,” 3, p. 282 (1900).

€ P. DRUDE, ¢ Ann, der Phys.,’ 1, p. 566, 3, p. 369 (1900).

*%* H. A. LORENTZ, ¢ Proc. Amsterdam,’ 7, p. 438, &c. (1905).
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440 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

Hence
kit = % («fe)’.

The value of e, the charge on an electron, is known with a fair degree of accuracy
to be 1'1x107% electromagnetic units,* but the value of « is still uncertain,
as 1t depends on the number n of molecules in a cubic centimetre of - a gas
(e = 3. pressure/2n abs. temp.). The following table gives a few of the values which
have been found for n by various methods and the values of « and of &/t calculated
from them :—

1 !
Author. " Method. ' . a. ; k/xt.
l
KeLviNnt. . . .| Viscosity of gas and density when 1 x 10% 5:6x 10717 3:-3%x107?
condensed :
KeLvini . . . .| Effect of atmosphere on light . .| >2:4%x10° '<2:3%x10710 | <5-9x 1078
JEANS§ . . . .| Viscosity of gas and VAN DER| 4°6x10% 1:2x10716 16 %1078
_ ‘WAALS’ b
Prancx] . . . .! Radiation theory and entropy . .| 2°8x10Y 2:0x 10716 4-3x1078
Lorentzq . .. .| Radiation theory . . . . . . — 1-2x 10716 1:6x10°8
% Determination of ¢ and assump-
‘IT{' JA TVI\*,OMSON. . } { tion that atom of H. in | 4x100 | 1-4x107%6 = 2:2x10°8
. A, WiLsoNt+t . . ,
electrolysis carries charge ¢ . f
11 Ditto, but assuming charge on 2% 10w 2:8x 10716 8:7x1078
H atom to be 2¢

From this it appears that we are not yet in a position to caleculate more than the
order of magnitude of the constant % («fe)’ which the electronic theories give as the
value of kfkt.

In order to see how far the theoretical result agrees in other respects with the
observed facts, the values of k/«t at various temperatures for the metals and alloys
tested have been calculated from the values of the thermal and electric conductivities
given in the tables on pp. 426 and 437. The results are shown in the following table
and in the curves on Plate 31. ‘

The corresponding values calculated from JieEr and DIFSSELHORST'S experiments
at 18° C. and 100° C. are also given for comparison.

* The mean of J. S. TowNsEND'S (‘ Phil. Mag,.,” 45, p. 133 (1898)), J. J. THoMsoN’s (* Phil. Mag,,’ V.,
p. 355 (1903)), and H. A. WiLsoN’s results (‘ Phil. Mag.,” V., p. 441 (1903)).
t KenviN, ‘Phil. Mag.,” 4, p. 197 (1902).
I KELVIN, ‘Phil. Mag.,” 4, p. 301 (1902).
§ J. H. JEAaxs, < Phil. Mag.,” 8, p. 694 (1904).
| M. PLANCK, ¢ Ann. der Phys.,” 4, p. 566 (1901).
9 H. A. LoreNTz, ‘ Versl. Akad. van Wet.,” 14, p. 518, &e. (1906).
*% J. J. TroMsoN, ¢ Phil. Mag.,” 5, p. 355 (1903).
Tt H. A. WiLsoN, ‘Phil. Mag.,’ 5, p. 441 (1903).
11 This line is added since Professor TOWNSEND’S proof that when a gas is ionised by Roéntgen ‘rays
there are only half so many positive as negative ions produced (‘Proc. Roy. Soc.,” 80, p. 210, 1908), seems
to render it advisable to take into account the possibility of the H atom in electrolysis having a charge 2e.
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442 PROFESSOR C. H. LEES: THERMAL AND ELECTRICAL

The curves show that there is a tendency for the values of the conductivity
constant k/xt to collect in the neighbourhood of the value 24 x 107, within the range
given by the electronic theories, and that this tendency is rather more marked in the
values calculated from JAiceEr and DIESSELHORSTS results than in those calculated
from the present experiments. Lead, tin, and possibly cadmium give values
independent of temperature over the wide range covered, and therefore support the
statement made by L. LorENz in 1882. Zine, silver, copper and aluminium show
a marked decrease of the constant as the temperature decreases. Nickel, steel, and
possibly iron, show an increase as the temperature decreases. This appears to be the
characteristic behaviour of alloys. The values for aluminium and copper are
decidedly below, while those for nickel and iron are decidedly above, the value 2-4.
All the alloys give values above this, and, with the exception of brass, decidedly
above. This large value of the constant for alloys especially at low temperatures
is in keeping with and extends the results obtained previously by GRUNEISEN,* who
found that increase of impurity in copper and iron at ordinary temperatures increased
the value of the constant.

It 1s necessary to bear this increase in mind in basing any argument on the values
observed. The high values for nickel and iron may, since both contained a little
impurity (about 1 per cent.), be ascribed to the impurity. In the cases of the
other metals, with the exception of aluminium, which contained a little impurity
{about 1 per cent.), it is not probable that any small amount of impurity present in
them could have materially influenced the positions of the curves. In the case of
aluminium it seems possible that the curve at low temperatures may be a little blgh
owing to the small quantity of impurity present in the metal. /

The only conclusion which can be drawn from the curves seems to be that the
Lorenz law of constancy of the value of k/«t at different temperatures for each metal
has only a restricted application, and that although the metals which support theJaw
give nearly the same value, 24, for the cbnstant,T the other metals have values of
the constant which differ from 24 by amounts far outside the limits of experimental
error.} '

These facts are not of such a character as to provide strong support for any of the
electronic theories mentioned on p. 439 in their present forms.

A modified theory has been put forward recently by Professor J. J. THoMsON§ to
get over a difficulty he pointed out in the older theories, which made the energy

* E. GRUNEISEN, ‘ Ann. der Phys.,” 3, p. 43 (1900).

1 It is worthy of note that for mixtures of these metals, MATTHIESSEN, ¢ Ann. der Phys.,’ 110, p. 190
(1860), found that the electrical conductivities, and SCHULZE, ¢ Ann. der Phys.,” 9, p. 555 (1902), that the
thermal conductivities, could be calculated from the relative volumes of the constituents present.

i Note-added June 1.—The variations of the values of %/x¢ for the same metals at higher temperatures
Wlll form the subject of a future communication.]
§ J. J. THOMSON, ‘Journ. Inst. Elect. Eng.,” 38, p. 455 (1907), or  Corpuscular Theory of Matter,” p. 86.
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absorbed by the electrons in 1 gramme of a metal during an increase of temperature
of 1° C. far exceed the observed specific heat of the metal. In this theory the electrons
pass from one doublet, consisting of a positively and negatively charged atom, to
another similar doublet, which have arranged themselves along the line of electric
force, as in the old theory of electrolysis the molecules of the Grotthus chains were
supposed to do. If d is the distance apart of the charges of the doublet, and b is the
distance between the doublets, THOMSON shows that k/kt is 90/8a times the value
found on the former theory. Since bfa may vary in value from metal to metal, and
in the same metal at different temperatures, this theory may by a proper choice of the
laws of variation be brought into unison with the observed facts.

It is, however, open to doubt whether any theory which does not take into account
the atomic differences of the various metals can give a satisfactory explanation of the
whole facts. The nearness to each other of the curves for metals belonging to the
same chemical group, Plate 31, suggests that atomic properties play their part mn
determining the behaviour of a metal to the flow of heat and electricity through it.

Electronic theories have regarded the free electrons as the sole carriers of energy
from molecule to molecule, and have therefore been unable to deal with the thermal
conductivities of electrical insulators, in which there can be no free electrons. Now
the thermal conductivities of some substances which insulate electrically are as large
as those of the worse conducting metals, e.g., the thermal conductivity of quartz along
the axis is 0029, while that of bismuth is only 0°016 to 0°019. It seems, therefore,
that a theory of heat conduction which ascribes it to free electrons alone must be a
very partial account of it. ,

The fact pointed out on p. 427, that the variation of the thermal conductivities of
the metals with temperature is of the same character as, though less marked than, the
corresponding variations for electrical insulators, and that alloys vary in a manner
similar to the only mixture (glass) of insulators yet investigated, both support this
contention, that theories which depend solely on free electrons as carriers can hardly
claim to be adequate expressions of the phenomena.

This investigation was commenced in Manchester, where a liquid air plant was
available. I have to thank Dr. E. C. C. BaiLy and the authorities of University
College for kindly providing me with liquid air in London.

I have also to thank the Committee administering the Government Grant for
Scientific Investigations for a large proportion of the funds out of which the materials
used in the investigation have been purchased.
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